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ABSTRACT Expansion factors have been evaluated for tri- and tetrafunctional polymethylene stars and 
for selected fragments. A detailed rotational isomeric state model is used for unperturbed stars. Expansion 
is produced by forcing atoms participating in long-range interactions to behave as hard spheres. The longest 
chains in stars experience a greater expansion than do linear chains containing the same number of bonds. 
Examination of subchains shows that the extra expansion occurs primarily in that portion of the chain near 
the branch point. Subchains situated at chain ends experience nearly the same expansion in branched and 
linear molecules. While branching increases expansion of individual chains, overall expansion of the entire 
star is smaller than that of the linear chain of the same number of bonds, n. The reduced expansion of stars 
arises because the longest chain in a molecule of specified n contains fewer bonds as the functionality of the 
branch point increases. This latter effect is of greater consequence than the extra expansion of individual 
chains in the star. 

Unperturbed branched macromolecules have smaller 
mean dimensions than linear chains containing the same 
number of bonds, n. The effect of branching on unper- 
turbed dimensions is denoted by ge, defined as ( s ~ ) ~ , ~ /  
( s ~ ) ~ , ~ ,  where (s2) denotes the mean square radius of gy- 
ration, zero as a subscript denotes the unperturbed state, 
and subscripts b and 1 denote, respectively, the branched 
and linear macromolecule.' Application of random flight 
statistics yields simple expressions forge for regular stars, 
molecules containing a single branch point from which 
emanate f branches containing n/f bonds.' 

(1) 
Application of more detailed configurational statistics, such 
as that specified by rotational isomeric or wormlike 
chaine models, yields the same ge for very large regular 
stars, but differences are seen in the nature of the approach 
to the limiting value. 

Expansion of perturbed stars has been studied by several 
methods. Utilization of first-order perturbation theory,' 
studies of lattice chains,6 and an approximate generator 
matrix modelg predict a regular star experiences less ex- 
pansion in a good solvent than does the linear chain con- 
taining the same number of bonds. Differing explanations 
have been offered for the smaller expansion of the stars. 
Emphasis is placed either on the fact that the number of 
bonds in the longest subchain in an f-functional regular 
star is proportional to l / f v 9  or on a presumed expansion 
of the star at the 8 condition, thereby reducing possibilities 
for further expansion in a good solvent.6J0 

Here we report expansion of perturbed tri- and tetra- 
functional regular stars in which detailed attention is given 
to short-range interactions and chain geometry, including 
shortrrange interactions and geometry at the branch point. 
The corresponding linear chain is that specified by the 
customary rotational isomeric state model for linear 
polymethylene." Rotational isomeric state models are also 
employed for tri- and tetrafunctional ~ t a r s . ~ ~ ' ~  Perturba- 
tions are introduced by requiring chain atoms participating 
in long-range interaction to behave as hard spheres.13J4 
Points of interest are the comparative expansion of linear 
chains and regular stars, the extent of preferential ex- 
pansion near the branch point, and an assessment of the 
error in simpler methods of estimating expansion of regular 
stars. 
Calculational Methods 

ge = (3f - 2 ) / f  

Samples of representative unperturbed linear chains 
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were generated by using a priori and conditional proba- 
bilities and the chain geometry described by Abe et al." 
for linear polymethylene. Perturbed linear chains were 
obtained by letting chain atoms participating in long-range 
interaction behave as hard spheres of diameter r*.13J4 
Most of the results presented here were obtained by using 
r* = 2.71, where 1 denotes the bond length. Calculations 
were also performed by using smaller and larger r*. Pairs 
of chain atoms were required to participate in long-range 
interactions if they were connected by eight or more bonds. 
A similar procedure was used for tri- and tetrafunctional 
stars. All first- and second-order interactions at the branch 
point were included in evaluation of a priori and condi- 
tional probabilities.12 The statistical weights used were 
u = T = 0.43 and o = 0.0034. Configuration-dependent 
properties were evaluated for two independently generated 
representative sets of molecules. 
Results and  Discussion 

Unperturbed State. Figure 1 depicts characteristic 
ratios formulated from the mean square unperturbed ra- 
dius of gyration of the linear chain, regular stars, and 
several fragments. The top of the figure is the asymptotic 
limit for linear chains. Horizontal arrows denote asymp- 
totic limits for stars specified by the random flight ex- 
pression for go.' Finite polymethylene stars have lower 
characteristic ratios, as expected.2Jj 

If n is small, short-range interactions at the branch point 
cause characteristic ratios of the main chains in the stars 
to be slightly smaller than those of the linear chain. The 
term "main chain" is used here to denote an arbitrarily 
selected chain of nmc = 2n/f bonds in the f-functional star. 
A slight reduction in unperturbed dimensions is easily 
rationalized. The trans state is preferred by a bond in the 
middle of a long linear polymethylene chain because 
short-range interactions calling forth a statistical weight 
of u are thereby avoided. First-order interactions for a 
bond to an atom which constitutes a trifunctional branch 
point contribute statistical weights of u, u, or u2, with a 
trans placement of the main chain being one circumstance 
producing a statistical weight of Q. Presence of a tri- 
functional branch point permits one of the gauche place- 
ments to compete on an equal basis with the trans 
placement. If the bond is to an atom which constitutes 
a tetrafunctional branch point, first-order interactions 
contribute statistical weights of u2 for all three rotational 
states. Both gauche placements now compete on an equal 
basis with the trans placement. First-order interactions 
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Figure 1. Characteristic ratios for unperturbed lin w poly- 
methylene chains or fragments (solid lines), trifunctional stars 
(0, f = 3), and tetrafunctional stars (0, f = 4). The number of 
bonds in the molecule or fragment is denoted by n'. Solid curves 
depict results for (upper curve) the linear chain or the external 
1/3 of the main chain in either star, (middle curve) the main chain 
(or internal 1/3 of the main chain) for trifunctional stars, and (lower 
curve) the main chain (or internal 1/3 of the main chain) for 
tetrafunctional stars. 
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Figure 2. Expansion factors when r* is 2.7 times the bond length. 
Bars for the largest molecules represent the range for two inde- 
pendent simulations. The branch point functionality is shown 
for each curve. 

therefore decrease the probability that the main chain will 
have a fully extended configuration in the vicinity of a tri- 
or tetrafunctional branch point.I2 The influence of these 
short-range interactions is diluted as nmc increases. Figure 
1 shows that their effect on the characteristic ratios van- 
ishes when nmc reaches 

Experimental determinations of ge for large tri- and 
tetrafunctional stars are in good agreement with the pre- 
diction from eq L1"17 Equation 1 underestimates ge for 
stars of much higher functionalities, such as f = 12 or 18.18 

Expansion Factors for Linear Chains and Stars. 
Figure 2 depicts expansion factors when r* is 2.7 times the 
bond length. Branching produces a reduction in the ex- 
pansion factor, as2 = ( S ~ ) ~ / { S ~ ) ~ J  or ( s2)b/ (S2)0 ,b .  This 
conclusion is in harmony with those reached in several 
earlier ~tudies.~-lO One explanation advanced for the 
smaller a,2 in perturbed stars is based on an assumed 
expansion of branched molecules a t  the 8 condition.8J0 
There is then a reduced opportunity for further expansion 
when the branched molecule is transferred to a good 
solvent. However, rotational isomeric state stars consid- 
ered in Figure 2 feel no perturbation whatsoever when 
(s2)o,b is calculated because r* is then zero. Their reduced 
expansion cannot be attributed to effects operative in the 
unperturbed state. Origin of the reduced expansion of tri- 
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Figure 3. Extrapolation to infinite n of the relative xpansion 
of regular stars and linear chains. Bars are shown for the largest 
and smallest tetrafunctional star. 

I I 

0 IO0 2 00 3 00 

BONDS IN MAIN CHAIN 

Figure 4. Expansion factors for main chains as a function of nmc. 

and tetrafunctional stars must be sought in the behavior 
of molecules perturbed with r* > 0. The longest chains 
in a linear molecule or regular star contain 2n/f bonds. 
When molecules of the same n are compared, the longest 
chains become shorter with increasing f .  Tri- and tetra- 
functional stars experience the smaller expansion simply 
because they contain shorter  chain^.^^^ 

While qualitative conclusions expressed above are based 
on behavior of molecules containing 300 or fewer bonds, 
they can be used to estimate expansions for tri- and tet- 
rafunctional stars of much larger n. In Figure 3 expansion 
factors are replotted as (a,,? -  CY,,^=? - 1) vs. l /n .  
Linear extrapolation to l / n  = 0 is suggested. The resulting 
intercepts are definitely smaller than one. These intercepts 
can be treated as c~, f2 /a, ,~ ,~~ for very large tri- and tetra- 
functional stars because a,? and a+; become much larger 
than one as n becomes infinite. The limiting value of g 
for the perturbed stars is then ge(a,,t/a,,f,22),-.,. Using 
eq 1 for evaluation of ge, we estimate the limiting g to be 
about 0.68 and 0.54, respectively, for infinitely large per- 
turbed tri- and tetrafunctional stars. 

Expansion of the Main Chain. Mean square radii of 
gyration were computed for atoms in the main chains. 
Expansion factors for the main chains are depicted in 
Figure 4. Data presented for unbranched molecules are 
identical in Figures 2 and 4 because the linear chain is 
synonymous with the main chain. For the tri- and tetra- 
functional stars, however, nmc < n and a,: < a:. The 
former inequality is of greater consequence than the latter, 
causing amc2 for stars to appear above those for linear 
chains in Figure 4. This order is the reverse of that seen 
with as2 in Figure 2. 
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Figure 5. Extrapolatic 
of main chains and stars. 

AI infinite n of the relative expansion 

The effect of the increased segment density in stars upon 
main-chain expansion is brought out in Figure 4. A linear 
chain of 150 bonds has a," near 1.24. If a chain of 75 bonds 
is attached to the 75th chain atom in this chain, the 
squared expansion factor for the chain of 150 bonds rises 
to about 1.28. Attacblqent of a second chain of 75 bonds 
to the same atom brings about a further increase to about 
1.34. While the increased segment density in stars does 
indeed elevate expansion of the main chains, the effect 
does not dominate the behavior of a,". A greater role is 
played by the decrease in G, with rising f a t  constant n. 

Figure 5 compares expansion factors obtained for main 
chains and for all atoms in the stars. Contributions from 
the additional branches cause a,2 to exceed a,:, but dif- 
ferences are rather small. Extrapolations to l / n  = 0 
suggeat k2 differs from a," by less than 10% for very large 
perturbed tri- and tetrafunctional stars. 

Preferential Expansion in  the Interior of the Main 
Chain. Preferential expansion in the vicinity of the branch 
point is revealed by position dependence of the expansion 
of subchains. Two subchains, each containing nJ3  bonds, 
are selected for this purpose. The expansion factor for the 
subchain situated a t  an end of the main chain is denoted 
by a,,2. The other subchain is located in the middle of 
the main chain. Its expansion factor is denoted by ain:. 

and ab: for linear chains and for 
tri- and tetrafunctional stars. The behavior of a,,: and 
a,: differs in two important respects: In all cases ah: > 
adz, and w,: is much more sensitive to f than is The 
relative insensitivity of sex: to  f shows that the increase 
in am2 with f (Figure 4) arises from conformational effects 
that are localized in that portion of the main chain near 
the branch point. 

I t  should be emphasized that preferential expansion in 
the middle of a main chain is not a feature unique to 
branched molecules. Figure 6 shows that linear chains also 
have CY,: > a,,2. Branching simply exaggerates effects 
that already exist in a linear chain. Preferential expansion 
in the middle of a linear chain has previously been docu- 
mented for latticelB and rotational isomeric statd3J4 chains. 

Approximation of a," for  Rsgular Stars. A com- 
paratively simple expression can be written for the ex- 
pansion of regular stars based on the approximation that 
each chain behaves in the same manner as a linear chain 
containing the same number of bondsa9 

(f - 1)(1+ 2n/n2C, - (f - 2)(1 + n/n2Cb 
a; = (2) 

Figure 6 depicts 

(f - + 2n/f12Co,, - (f - 2)(1 + n/flZCo,b 

Here C, and Cb denote ( s2) / C 1' for linear chains of 2n/f 
bonds gnd nlf bonds, respectively. Equation 2 is expected 

f = 2  / I 

f =: 3#/// ' external 
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Figure 6. Expansion factors for subchains consisting of of 
the bonds in the main ch&. The subchain is situated at the end 
of the main chain for aed2 and in the middle of the main chain 
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Figure 7. Comparison of expansion factors at r* = 31 for tri- and 
tetrafunctional stars, as estimated by eq 2 (solid lines) and as 
obtained by simulations (points). 

to provide a lower bound for a," because it ignores the 
actual dependence of a,: and aint on f ,  as depicted in 
Figures 4 and 6. I t  also ignores the effect of the branch 
point on unperturbed dimensions (Figure l ) ,  but this 
omission is important only a t  small n. The magnitude of 
the underestimate of a," is illustrated in Figure 7 for r* 
= 31. When n is 300, aa2 - 1 is underestimated by about 
15% for the trifunctional star and nearly 25% for the 
tetrafunctional star. 

Equation 2 should provide an improved estimate if 
evaluation of C, and c b  took account of the extra expansion 
of the main chains in the stars. Results depicted in Figure 
6 demonstrate that adjustments should be made so that 
they affect the middle, but not the ends, of the main 
chains. Comparison of a,: and a,2 in Figure 5 suggests 
eq 2 might be accurate to within 10% if one utilizes correct 
results for C, and Cb. 
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ABSTRACT The temperature and molecular weight dependence of the hydrodynamic radius RH of flexible 
chains below the 0 temperature have been investigated by analytical ultracentrifugation. The measurements 
have been performed on high molecular weight polystyrenes (M, = 3.8 X lo6, 4.48 X lo6, 6.77 X lo6, 8.42 X 
lo6, and 20.6 X lo6) of narrow polydispersity dissolved in two different solvents, cyclopentane and cyclohexane. 
All data can be represented on a sipgle master curve if the expansion factor aH = R H ( T ) / R H ( ~ )  is plotted 
vs. the reduced variable NIN, = (M,IT12)/(naMo). T is the reduced temperature (71 = 11 - 0/TI and naM, 
is an adjustable parameter 150 f 30 g mol-'. The small N I N ,  values (<3) correspond to the so-called 8 
domain in which the chain is essentially Gaussian and CYH is a-constant close to unity. For large NIN, values 
(>20) the collapse domain is observed in which aH varies as Mw-''61~l-'~3. The molecular weight dependence 
of ~ Y H  demonstrates directly for the first time that the collapse domain is characterized by RH - The 
crossover between these two regimes is smooth and continuous. Our results are in agreement with the theoretical 
predictions advocating a continuous contraction for flexible chains in the temperature range between the 8 
point and the coexistence curve. We have also observed a small residual molecular weight dependence in 
our scaled representation of aH. This, the slight apparent dependence of naM, with the nature of the solvent 
and the difference between the naM, values above and below the 8 temperature, respectively, is yet to be 
explained. 

Introduction 
In the course of our general study on the temperature 

dependence of the hydrodynamic radius of flexible chains 
in solutions,lV2 we have investigated the temperature range 
delimited by the 0 point on one side, and by the coex- 
istence curve where phase separation will take place, on 
the other. As the temperature is lowered, the hydrody- 
namic radius RH is expected to decrease sharply from its 
0 value RH(0) - W'2 to its collapse value RH(T << 0) - 
N1/3 because of the increased attractive interaction be- 
tween the monomer segments ( N  is the polymerization 
index). This latter relationship can be easily derived from 
the argument that in this asymptotic regime the internal 
globule concentration ci N N/RH3 is solely controlled by 
the steric repulsions between the individual segments and 
is no longer dependent on chain length. According to both 
classical mean-field theories and renormalization group 
approaches, RH should vary as W/317(-1/3 in the tempera- 
ture domain where the chain contraction is taking place. 
On the other hand, the nature of the transition between 
the Gaussian and the collapsing behavior is still a matter 
of controversy between theoreticians. For sufficiently 
flexible and/or large chains, it is generally agreed that the 
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transition should be smooth and continuous rather than 
discrete. A comprehensive review of the field has been 
recently published by Williams, Brochard and F r i ~ c h . ~  
These authors also discuss the many experimental at- 
tempts to observe this coil-globule transition. In view of 
the vast arsenal of techniques put to use-small-angle 
neutron ~cattering,~ viscosity,5 and elastic and quasi-elastic 
light scattering6-11-the results have been rather disap- 
pointing. With one notable e x c e p t i ~ n , ~ J ~  no group has 
reported evidence for a complete transition between the 
0 state and the asymptotic collapse regime. Even in that 
case only the temperature variation of the chain radius has 
been investigated but not the molecular weight depen- 
dence, which would have given decisive proof that the 
chain was contracting to a globular state. It is true that 
the conditions necessary for the experiments are extremely 
stringent. Highly dilute solutions only must be used if 
single-chain contraction is to be observed rather than a 
spurious interchain penetration leading to aggregation and 
coalescence. An indirect advantage of dilution is that it 
widens the range of temperatures accessible between the 
0 point and the demixion curve. Sharp molecular weight 
fractions are also a prerequisite to minimize fractional 
separation and avoid shifting the molecular weight dis- 
tribution to smaller N as the temperature is lowered. Last, 
a meaningful comparison with theory requires extremely 
large molecular fractions (N  lo5). Unfortunately this 
requirement is somewhat contradictory with the other two. 
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